
Introduction to the 
constrained equilibrium method

M. to Baben1, P. Koukkari2, R. Pajarre2, G. Eriksson1, K. Hack1

1: GTT-Technologies 

2: VTT Technical Research Centre of Finland Ltd



GTT-Technologies

Moritz to Baben

Motivation

• Most technical processes are not in equilibrium.

• Kinetic limitations impose constraints on the
equilibrium.

• Simple methods can sometimes be very effective
in describing constrained equilibria.
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Outline

• Dormant species

• Paraequilibrium calculations with and without
diffusing elements

• Scheil cooling calculations

• Immaterial system components (for work terms
and reaction rate constraints)
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Dormant species

• Dormant species may not form, but their
thermodynamic properties are calculated.
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Paraequilibrium (no diffusing
elements)

• In paraequilibrium, the single phase with lowest
Gibbs energy forms
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Paraequilibrium (diffusing elements)

• One element (or more) allowed to partition

• Usually used for C or N
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2 component Scheil cooling

microstructure:Liquid  FCC
Liquid  Au2Bi
Liquid  Au2Bi + RHOMBO
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2 component Scheil cooling

1. FCC
2. Au2Bi
3. Au2Bi + RHOMBO
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3 components: What are the
stable solid phases?
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3 components: What is the first
precipitating phase?  liquidus!
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3 components: Scheil cooling
Sb70-Au26-Bi4
SUMMARY OF REACTIONS
770.86 to 723.46 K: 

LIQ  RHOMBO
723.46 to 538.48 K:      

LIQ  AuSb2
538.48 to 512.32 K:     

LIQ  Au2Bi + AuSb2
512.32 K (isothermal):

LIQ  Au2Bi + AuSb2 + RHOMBO
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3 components: Scheil cooling
Sb70-Au26-Bi4
LIQ  RHOMBO
LIQ  AuSb2
LIQ  Au2Bi + AuSb2
LIQ  Au2Bi + AuSb2 + RHOMBO
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3 components: Scheil cooling
Sb70-Au26-Bi4
LIQ  RHOMBO
LIQ  AuSb2
LIQ  Au2Bi + AuSb2
LIQ  Au2Bi + AuSb2 + RHOMBO

Sb70-Au28.5-Bi1.5
LIQ  RHOMBO
LIQ  AuSb2
LIQ  FCC + AuSb2
LIQ  Au2Bi + AuSb2
LIQ  Au2Bi + AuSb2 + RHOMBO
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3 components: Scheil cooling
Sb70-Au26-Bi4
LIQ  RHOMBO
LIQ  AuSb2
LIQ  AuSb2 + Au2Bi
LIQ  AuSb2 + Au2Bi + RHOMBO

Sb70-Au28.5-Bi1.5
LIQ  RHOMBO
LIQ  AuSb2
LIQ  AuSb2 + FCC
LIQ  AuSb2 + Au2Bi
LIQ  AuSb2 + Au2Bi + RHOMBO

Sb70-Au20-Bi10
LIQ  RHOMBO
LIQ  AuSb2
LIQ  AuSb2 + RHOMBO
LIQ  AuSb2 + Au2Bi + RHOMBO
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3 components: Scheil cooling
Sb70-Au26-Bi4
LIQ  RHOMBO
LIQ  AuSb2
LIQ  AuSb2 + Au2Bi
LIQ  AuSb2 + Au2Bi + RHOMBO

Sb70-Au28.5-Bi1.5
LIQ  RHOMBO
LIQ  AuSb2
LIQ  AuSb2 + FCC
LIQ  AuSb2 + Au2Bi
LIQ  AuSb2 + Au2Bi + RHOMBO

Sb70-Au20-Bi10
LIQ  RHOMBO
LIQ  AuSb2
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Since FactSage7.1: 
3-component Scheil mapping

Sb70-Au26-Bi4
LIQ  RHOMBO
LIQ  AuSb2
LIQ  AuSb2 + Au2Bi
LIQ  AuSb2 + Au2Bi + RHOMBO
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Sb70-Au5-Bi25
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Sb70-Au0.2-Bi29.8
LIQ  RHOMBO
LIQ  RHOMBO + Au2Bi
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Outline

• Dormant species

• Paraequilibrium calculations with and without
diffusing elements

• Scheil cooling calculations

• Immaterial system components (for work terms
and reaction rate constraints)

Pertti Koukkari, Introduction to constrained Gibbs energy methods in 
process and materials research  
www.vtt.fi/inf/pdf/technology/2014/T160.pdf
Risto Pajarre, Modelling of chemical processes and materials by free 
energy minimization www.vtt.fi/inf/pdf/science/2016/S141.pdf
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Immaterial system components

• In a full equilibrium
react to CO2 + CH4:

• However, acetic acid
does not decompose
spontaneously at room
temperature.

• In a full equilibrium calculation, acetic acid would react to 
CO2 + CH4:
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Immaterial system components

• In a full equilibrium
react to CO2 + CH4:

• However, acetic acid
does not decompose
spontaneously at room
temperature.

• One option is to set the
gas phase dormant:

• In a full equilibrium calculation, acetic acid would react to 
CO2 + CH4:

We need to introduce a real constraint CH3COOH may ONLY dissociate!
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Immaterial system components

• Therefore, the stoichiometric matrix of the
aqueous solution species is adjusted:

Species H O C e(aq) V

H2O 2 1 0 0 0

H[+] 1 0 0 -1 0

OH[-] 1 1 0 1 0

…

CH3COO[-] 3 2 2 1 1

CH3COOH 4 2 2 0 1
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Example 1: Water + carbonic acid + acetic acid

H2O + CO2(g) ↔ H2CO3 ↔ H+ + HCO3
- ↔ 2 H+ + CO3

2-

CH3COOH ↔ H+ + CH3COO-
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H2O + CO2(g) ↔ H2CO3 ↔ H+ + HCO3
- ↔ 2 H+ + CO3

2-

CH3COOH ↔ H+ + CH3COO-
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Example 1: Water + carbonic acid + acetic acid
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Example 2: Anatase Rutile conversion
[Koukkari, Pajarre, Hack, SGTE Casebook Chapter IV.9]

• The growth of rutile is kinetically hindered and 
follows the growth law: 

with  ಲ

• The stoichiometric matrix is adjusted as follows:

Species Ti O Vi

Rutile 1 2 1

Anatase 1 2 0
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Example 2: Anatase Rutile conversion
[Koukkari, Pajarre, Hack, SGTE Casebook Chapter IV.9]

• In FactSage, Vi cannot be entered. Therefore, Ar
has been used.
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Example 2: Anatase Rutile conversion
[Koukkari, Pajarre, Hack, SGTE Casebook Chapter IV.9]
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Immaterial system components

Pertti Koukkari, Introduction to constrained Gibbs energy methods in 
process and materials research  
www.vtt.fi/inf/pdf/technology/2014/T160.pdf
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Grain boundary partitioning

• Grain boundary density can be considered as
constraint.

• Thus, grain boundaries can be treated as another
phase associated with a virtual systems
component.
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Grain boundary partitioning
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Grain boundary partitioning
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Grain boundary partitioning

Langmuir-McLean segregation isotherm model fails to 
behave as the more physical White-Coghlan model
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Grain boundary partitioning

Langmuir-McLean segregation isotherm model fails to 
behave as the more physical White-Coghlan model

Neither of the models can be applied to multi-
component non-ideal alloys
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Grain boundary partitioning
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Grain boundary partitioning
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Grain boundary partitioning
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Grain boundary partitioning

The behavior of the non-optimized FactSage model resembles the WC-model.
The FactSage model can be applied to multi-component non-ideal alloys.



GTT-Technologies

Moritz to Baben

Conclusion

• There are many ways how constraints can be
considered semi-empirically in thermodynamic
calculations.

• New routes and ideas will emerge!



GTT-Technologies

Moritz to Baben

Thank you for your attention!


