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Scope & limitations
• How can we use a combination of ab initio 

modelling and statistical mechanics use to 
predict the thermodynamics of (ideal) gases? 

• Understand the NIST-JANAF expressions 

• Dilute (idea) gas 
• No electronic excitations 
• No anharmonic vibrational contributions

!2
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Monatomic gas
• Many-body wave function factorises into single particle wave functions 

for dilute gas (eventually obeying proper Bose/Fermi symmetry) 

• Single particle Schrödinger equation (non-interacting) 

• Standing wave solution in box of size L3

!3

|ψ⟩ = ψ1⟩ ⊗ |ψ2⟩ ⊗ ψ3⟩…

H |ψi⟩ = ei |ψi⟩ ⇒ −
ℏ2

2m
∇2ψ (r) = eiψ (r)

ψi(r) ∼ exp(ik ⋅ r), kjL = njπ, nj = 1,2,…
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Monatomic gas
• Discrete energy levels 

• Canonical partition function 

• Free energy 

• Ideal gas law 

• Heat capacity

!4

ei =
ℏ2π2

2mL2
(n2

1 + n2
2 + n2

3)

Z = tr exp(−βH )

F = − kT ln Z ≈ − NkT ln
V(2πmT )3/2e

h3N

p = − ( ∂F
∂V )

T,N
=

NkT
V

CV =
3
2

NkT, Cp − CV = Nk
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Diatomic gas
• Interaction between atoms 

• Apart from center of mass motion we have 
rotational and vibrational contributions 

• Discrete excitations of rigid body rotations 

!5

H =
p2

1

2m1
+

p2
2

2m2
+ V(r1 − r2)

er =
ℏ2ℓ(ℓ + 1)

2mr2
0

, ℓ = 0,1,2,…



M
itg

lie
d 

de
r H

el
m

ho
ltz

-G
em

ei
ns

ch
af

t

Rotational contribution

!6

Tr =
ℏ2

2mr2
0k

Rotational temperature

e.g. O2: Tr ~ 2K

classical limit:  
2 degrees of freedom

valid for all 2-atom gases!
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Vibrational contribution
• Harmonic approximation of interaction potential 

• Quantum excitations of oscillator 

• Vibrational contribution to heat capacity

!7

V(r) ≈ V0 +
1
2

mω2(r − r0)2

ev = ℏω (n +
1
2 ), n = 0,1,2,…

Cv = Nk
(Tv /T )2

4 sinh2(Tv /2T )
Tv = ℏω/k
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Vibrational contribution

!8
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C
v/N

k

T/Tv

Vibrational temperature

Tv = ℏω/k

e.g. O2: Tv ~ 2300 K

classical limit:  
2 degrees of freedom 
(kinetic + potential energy)

valid for all 2-atom gases!
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Heat capacity CV

!9

translation

rotation

vibration
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Ab initio simulations
• Extract (parabolic approximation of) interaction potential V( r) 
• VASP simulations (PBE; periodic boundary conditions) 

– Place single molecule in large box, calculate energy as function of 
atomic distance r: Extract equilibrium separation + vibrational 
frequency 

– Optimize energy cutoff, box size (k point mesh refinement not 
necessary, gamma point sufficient) 

– Reference configuration: Equilibrium crystal

!10
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Formation enthalpy

!11

@ room temperature
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Monatomic gases: Heat capacity

!12

• High temperature deviations due to electronic excitations
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Monatomic gas: Gibbs free energy

!13
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Diatomic gas

!14

Silver

Aluminum
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Diatomic gas: Heat capacity

!15

• We don’t have vibrational anharmonicity + electronic excitations

????
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Diatomic gas: Gibbs free energy

!16
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Conclusions
• The combination of (standard) statistical mechanics + (simple) ab initio 

parameter determination can lead to useful (and easy to get) 
thermodynamic descriptions of ideal gases 

• Presently lacking: 
– anharmonicities 
– electronic excitations 
– more complex molecules 
– Higher densities

!17


