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Theory 

 Traditional problem statement: 
Find minimum of 

𝐺𝐺 = ��𝜇𝜇𝑖𝑖𝛼𝛼 𝑥𝑥𝑗𝑗𝛼𝛼 ,𝑇𝑇,𝑃𝑃 𝑛𝑛𝑖𝑖𝛼𝛼

𝑖𝑖𝛼𝛼  

 

 
Subject to constraints    

𝑛𝑛𝑖𝑖𝛼𝛼 ≥ 0   ∀ 𝑖𝑖 
and 

𝐀𝐀𝐀𝐀 − 𝐛𝐛 = 𝟎𝟎 
 
Standard state chemical potentials are assumed to be functions of 
temperature and pressure  
          𝜇𝜇𝑖𝑖0 = 𝜇𝜇𝑖𝑖0(𝑇𝑇,𝑃𝑃)  
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 In  the most typical case the user specifies T, P and 𝐛𝐛 
 Target calculations with specified H,V, phase  amount or 

precipitation  or a specified 𝜇𝜇𝑖𝑖 also possible    
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Constrained and extended models 

 Additional constraints 
 Reaction extents, surface area, charge balances…  

 Additional work terms 
 

𝑑𝑑𝑑𝑑 = 𝑇𝑇𝑑𝑑𝑇𝑇 − 𝑝𝑝𝑑𝑑𝑝𝑝 + 𝜎𝜎𝑑𝑑𝜎𝜎 + 𝜙𝜙𝛼𝛼𝐹𝐹𝑧𝑧𝑖𝑖𝑑𝑑𝑛𝑛𝑖𝑖𝛼𝛼 + 𝐵𝐵 ⋅ 𝑑𝑑𝑑𝑑 [+𝐿𝐿𝑗𝑗𝑑𝑑𝑑𝑑𝑗𝑗] … 
 
𝐿𝐿𝑗𝑗 : an intensive work coefficient 
𝑑𝑑𝑗𝑗 : an extensive work coordinate 
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Constrained and extended models 

 Additional constraints applied by defining additional components 
to the system O H N Na C Ca Acida e- solvent2 charge2

N2(g) 2
O2(g) 2 1
CO2(g) 2 1
H2O 1 2
H+ 1 -1
OH- 1 1 1
Na+ 1 -1
CO2 2 1 1
HCO3

- 3 1 1 1
CO3

2- 3 1 2
Ca2+ 1 -2
H2O 1 2 1
H+ 1 -1 1
OH- 1 1 1 -1
Na+ 1 -1 1
CO2 2 1
HCO3

- 3 1 1 1 -1
CO3

2- 3 1 2 -2
Ca2+ 1 -2 2
AcidHa 1 1
Acida

- 1 1 -1
CaCO3 3 1 1

External Solution
Pulp

G
as
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Constrained and extended models 

 Additional work terms 
 Defining a additional component with a fixed amount is analogous 

to new work term with a fixed extensive work coordinate (𝑑𝑑𝑗𝑗) 
 In equilibrium 

𝐺𝐺 = �𝜇𝜇𝑖𝑖𝑛𝑛𝑖𝑖 = �𝜋𝜋𝑘𝑘𝑏𝑏𝑘𝑘
𝑘𝑘𝑖𝑖

 

𝜇𝜇𝑖𝑖 = �𝑎𝑎𝑘𝑘,𝑖𝑖𝜋𝜋𝑘𝑘
𝑘𝑘
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Constrained and extended models 
O H N Na C Ca Acida e- solvent2 charge2

N2(g) 2
O2(g) 2 1
CO2(g) 2 1
H2O 1 2
H+ 1 -1
OH- 1 1 1
Na+ 1 -1
CO2 2 1 1
HCO3

- 3 1 1 1
CO3

2- 3 1 2
Ca2+ 1 -2
H2O 1 2 1
H+ 1 -1 1
OH- 1 1 1 -1
Na+ 1 -1 1
CO2 2 1
HCO3

- 3 1 1 1 -1
CO3

2- 3 1 2 -2
Ca2+ 1 -2 2
AcidHa 1 1
Acida

- 1 1 -1
CaCO3 3 1 1

External Solution
Pulp

G
as

𝑏𝑏𝑗𝑗 ∝ 𝑑𝑑𝑗𝑗 

Here 𝑑𝑑𝑗𝑗 = 𝑝𝑝(2) 𝑜𝑜𝑜𝑜 𝑞𝑞(2) 

𝜋𝜋𝑗𝑗 ∝ 𝐿𝐿𝑗𝑗 

Here 𝐿𝐿𝑗𝑗 = Δ𝑃𝑃 𝑜𝑜𝑜𝑜 Δ𝜙𝜙 
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Constrained and extended models 

 New work terms with a fixed intensive work coefficient (such as 
external magnetic field) can be applied by either redefining the 
standard state chemical potentials or by defining a new related 
component with a fixed chemical potential (the latter option may 
be more flexible) 
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Constrained reaction extent 

 New component s are defined for the system stoichiometry 
 Changing the amount of a component changes the extent of the 

corresponding reaction 

𝑑𝑑𝑏𝑏𝑅𝑅 = �𝑎𝑎𝑅𝑅,𝑖𝑖𝑑𝑑𝑛𝑛𝑖𝑖
𝑖𝑖

≡ 𝑑𝑑𝜉𝜉𝑅𝑅 
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Restricted reactions: CaCO3 precipitation 
Flash mixing 

CO2 (gas) 

Water Reaction tube Product PCC 

Reactions 
Ca(OH)2  ↔  Ca(+2aq) + 2OH(-aq)  
CO2(g) → CO2(aq)  
CO2(aq) + 2OH(-aq) ↔ CO3(-2aq) + H2O  
Ca2+(+2aq) + CO3(-2aq) → CaCO3(s)  
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Restricted reactions: CaCO3 precipitation 
Flash mixing 

CO2 (gas) 

Water Reaction tube Product PCC 

C H Ca O e-
g H2O(g) 2 1

CO2(g) 1 2
O2(g) 2

aq H2O 2 1
H(+aq) 1 -1
OH(-aq) 1 1 1
CO2(aq) 1 2
HCO3(-aq) 1 1 3 1
CO3(-2aq) 1 3 2
Ca(+2aq) 1 -2
CaCO3(aq) 1 1 3

CaCO3 CaCO3 1 1 3
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Restricted reactions: CaCO3 precipitation 
Flash mixing 

CO2 (gas) 

Water Reaction tube Product PCC 

Reactions 
Ca(OH)2  ↔  Ca(+2aq) + 2OH(-aq)  
CO2(g) → CO2(aq)  
CO2(aq) + 2OH(-aq) ↔ CO3(-2aq) + H2O  
Ca2+(+2aq) + CO3(-2aq) → CaCO3(s)  
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Restricted reaction example 

(Reactant) 
(Product) 
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Restricted reaction example 

Aachen Hbf Cologne 

Herzogerath 

Mönchengladbach 
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Restricted reaction 

 For a multicomponent system, where also a number of 
equilibrium reactions are possible having a one or more 
constrained reaction means 
 The amount of reactants is fixed 
or 
 The amount of products is fixed 
or more generally 
 There exist some (any) other linear relationship between the 

allowed amounts of species in the system that one could not 
deduce from the regular mass balance relationships alone  

𝑑𝑑𝑏𝑏𝑅𝑅 = �𝑎𝑎𝑅𝑅,𝑖𝑖𝑑𝑑𝑛𝑛𝑖𝑖
𝑖𝑖

≡ 𝑑𝑑𝜉𝜉𝑅𝑅 
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CaCO3 precipitation 

C H Ca O e-
g H2O(g) 2 1

CO2(g) 1 2
O2(g) 2

aq H2O 2 1
H(+aq) 1 -1
OH(-aq) 1 1 1
CO2(aq) 1 2
HCO3(-aq) 1 1 3 1
CO3(-2aq) 1 3 2
Ca(+2aq) 1 -2
CaCO3(aq) 1 1 3

CaCO3 CaCO3 1 1 3
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CaCO3 precipitation 

C H Ca O e- R(CO2) R(CaCO3)
g H2O(g) 2 1

CO2(g) 1 2 1
O2(g) 2

aq H2O 2 1
H(+aq) 1 -1
OH(-aq) 1 1 1
CO2(aq) 1 2
HCO3(-aq) 1 1 3 1
CO3(-2aq) 1 3 2
Ca(+2aq) 1 -2
CaCO3(aq) 1 1 3

CaCO3 CaCO3 1 1 3 1
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CaCO3 precipitation 

C H Ca O e- R(CO2) R(CaCO3)
g H2O(g) 2 1

CO2(g) 1 2 1
O2(g) 2

aq H2O 2 1
H(+aq) 1 -1
OH(-aq) 1 1 1
CO2(aq) 1 2
HCO3(-aq) 1 1 3 1
CO3(-2aq) 1 3 2
Ca(+2aq) 1 -2
CaCO3(aq) 1 1 3

CaCO3 CaCO3 1 1 3 1
R(CO2)+ R(CO2)+ 1
R(CO2)- R(CO2)- -1
R(CaCO3)+ R(CaCO3)+ 1
R(CaCO3)- R(CaCO3)- -1
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CaCO3 precipitation 
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Paraequilibrium 

 From modelling perspective chemical reactions and mass 
transfer between phases are basically identical processes, in 
both one or more phase constituents in system are transformed 
to different constituents, subject to (normal) mass balance 
constraints 
 In rapidly cooling systems a para- equilibrium state may result in 

which rapidly diffusing elements have reached equilibrium but 
more slowly diffusing elements have remained essentially 
immobile. This means that the for any new phases the relative 
amounts of immobile components must be the same as in the 
parent phase     
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 Ratio of iron to alloying metal Me in a new phase α is the same 
as in the parent phase, so for any changes in system 
composition: 

𝑑𝑑𝑏𝑏𝐹𝐹𝐹𝐹𝛼𝛼

𝑑𝑑𝑏𝑏𝑀𝑀𝐹𝐹𝛼𝛼
=
𝑏𝑏𝐹𝐹𝐹𝐹𝛼𝛼

𝑏𝑏𝑀𝑀𝐹𝐹𝛼𝛼
 

where 𝑏𝑏𝑋𝑋𝛼𝛼 = ∑ 𝑎𝑎𝑋𝑋,𝑖𝑖𝑛𝑛𝑖𝑖𝛼𝛼𝑖𝑖  
 
 This can be rearranged to 

𝑏𝑏𝐹𝐹𝐹𝐹� 𝑎𝑎𝑖𝑖,𝑀𝑀𝐹𝐹𝑑𝑑𝑛𝑛𝑖𝑖𝛼𝛼

𝑖𝑖

− 𝑏𝑏𝑀𝑀𝐹𝐹� 𝑎𝑎𝑖𝑖,𝐹𝐹𝐹𝐹𝑑𝑑𝑛𝑛𝑖𝑖𝛼𝛼

𝑖𝑖

 

= � 𝑏𝑏𝐹𝐹𝐹𝐹𝑎𝑎𝑖𝑖,𝑀𝑀𝐹𝐹 − 𝑏𝑏𝑀𝑀𝐹𝐹𝑎𝑎𝑖𝑖,𝐹𝐹𝐹𝐹 𝑑𝑑𝑛𝑛𝑖𝑖𝛼𝛼

𝑖𝑖

 

Stoichiometric coefficient  
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�
𝑏𝑏𝐹𝐹𝐹𝐹
𝑏𝑏𝑀𝑀𝐹𝐹

𝑎𝑎𝑖𝑖,𝑀𝑀𝐹𝐹 − 𝑎𝑎𝑖𝑖,𝐹𝐹𝐹𝐹
𝑖𝑖

𝑑𝑑𝑛𝑛𝑖𝑖𝛼𝛼 

 
Fe:Cr:Ni relative amounts 3 : 1 : 1.5 

Cr Fe Ni C *Cr-BCC *Ni-BCC *Cr-Cem *Ni-Cem *Cr-M23C6 *Ni-M23C6 *Cr-M7C3 *Ni-M7C3
FCC Cr 1

Cr:C 1 1
Fe 1
Fe:C 1 1
Ni 1
Ni:C 1 1

BCC Cr 1 3
Cr:C 1 3 3
Fe 1 -1 -1
Fe:C 1 3 -1 -1
Ni 1 2
Ni:C 1 3 2

Cementite Cr:C 1 1 3
Fe:C 1 1 -1 -1
Ni:C 1 1 2

M23C6                    Cr23C6                    23 6 69
Fe3Cr20C6                 20 3 6 57 -3
Ni3Cr20C6                 20 3 6 60 6
Fe20Cr3C6                 3 20 6 -11 -20
Fe23C6 23 6 -23 -23
Ni3Fe20C6 20 3 6 -20 -14
Ni20Cr3C6                 3 20 6 9 40
Ni20Fe3C6 3 20 6 -3 37
Ni23C6 23 6 46

M7C3 Cr:C 7 3 21
Fe:C 7 3 -7 -7
Ni:C 7 3 14
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External magnetic field and magnetization 

 Chemical potential with an external magnetic field present 
 
 
 Ferromagnetic material with constant magnetization 
 
 
Paramagnetic material with magnetization proprtional to magnetic 
field strength 

𝜇𝜇𝑖𝑖0 𝑇𝑇,𝑃𝑃,𝐵𝐵 = 𝜇𝜇𝑖𝑖0 𝑇𝑇,𝑃𝑃,𝐵𝐵 = 0 − 0.5𝜒𝜒𝑖𝑖𝐵𝐵2 
 

𝜇𝜇𝑖𝑖0 𝑇𝑇,𝑃𝑃,𝐵𝐵 = 𝜇𝜇𝑖𝑖0 𝑇𝑇,𝑃𝑃,𝐵𝐵 = 0 −� 𝑑𝑑𝑖𝑖𝑑𝑑𝐵𝐵 

𝜇𝜇𝑖𝑖0 𝑇𝑇,𝑃𝑃,𝐵𝐵 = 𝜇𝜇𝑖𝑖0 𝑇𝑇,𝑃𝑃,𝐵𝐵 = 0 −𝑑𝑑𝑖𝑖𝐵𝐵 
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LaCo5Hy hydride 

 The molar magnetic moment is increased by the amount ΔM per 
desorbed mole of hydrogen. Equilibrium exists between two 
solid hydrides and hydrogen gas    

0.5𝑥𝑥𝐻𝐻2 𝑔𝑔 + 𝐿𝐿𝑎𝑎𝐿𝐿𝑜𝑜5𝐻𝐻4.2 ↔ 𝐿𝐿𝑎𝑎𝐿𝐿𝑜𝑜5𝐻𝐻4.2+𝑥𝑥 
 

Δ𝜇𝜇0 ≡ 𝜇𝜇0 𝐿𝐿𝑎𝑎𝐿𝐿𝑜𝑜5𝐻𝐻4.2+𝑋𝑋 − 𝜇𝜇0 𝐿𝐿𝑎𝑎𝐿𝐿𝑜𝑜5𝐻𝐻4.2  

Δ𝜇𝜇0 𝐵𝐵 = Δ𝜇𝜇0 𝐵𝐵 = 0 + � Δ𝑀𝑀𝑑𝑑𝐵𝐵
𝐵𝐵

0
 

In equilibrium 

ln
𝑃𝑃𝐻𝐻2
𝑃𝑃𝐻𝐻2
0 =

2
𝑅𝑅𝑇𝑇� Δ𝑀𝑀𝑑𝑑𝐵𝐵

𝐵𝐵

0
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Adjusted standard states for biochemical 
systems 
 Biochemical systems in general 

 Have a large number of species 
 It is not possible to model the interactions precisely in a thermochemical 

model 
 Part of the system of interest can often be considered to be connected 

to an infinite reservoir that keeps for example pH and some other 
concentrations constant 
 => There is a need for adjustments that facilitate calculations in such 

systems 
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Adjusted standard states for biochemical 
systems 

 For pH and other activities one can (also) use the ChemApp inbuilt 
target calculation option 
 For generic Davies equation like adjustment to the activity coefficient 

with a fixed ionic strength, one can define a new component with 
stoichiometric coefficients equaling 𝑧𝑧𝑖𝑖2 (corresponding chemical potential 
contribution 𝛼𝛼𝑅𝑅𝛼𝛼 𝐼𝐼

1+𝐵𝐵 𝐼𝐼
 

 



33 33 

Surface energies and melting of nanoparticles 
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Surface energies and melting of nanoparticles 
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Melting of nanoparticles 

 

500

550

600

0 10 20 30 40 50 60

Te
m

pe
ra

tu
re

 / 
K

Radius (nm)

Melting point of Pb nanoparticle

σ(sl) = σ(s) - σ(l) 

bulk mp

experimental

σ(sl) = (σ(s) - σ(l))*1.01

monolayer cap, σ(sl) = (σ(s) -
σ(l))*1.05



29/07/2014 36 

Summary 

• By defining new components one can add to the system constraints 
either 

– to the extents of reactions taking place 
– To some other extensive variable (subvolume, area, 

charge) corresponding to additional work term in 
the free energy equation 

• Or one can make adjustments to the standard states of species, 
corresponding to work term in external field or analogous 
adjustment corresponding to buffered surroundings 
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